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THE TORSION IN SYMMETRIC POWERS ON CONGRUENCE 
SUBGROUPS OF BIANCHI GROUPS 

JONATHAN PFAFF AND JEAN RAIMBAULT 


Abstract. In this paper we prove that for a fixed neat principal congruence subgroup 
of a Bianchi group the order of the torsion part of its second cohomology group with 
coefficients in an integral lattice associated to the m-th symmetric power of the standard 
representation of SL 2 (C) grows exponentially in We give upper and lower bounds for 
the growth rate. Our result extends a a result of W. Miiller and S. Marshall, who proved 
the corresponding statement for closed arithmetic 3-manifolds, to the finite-volume case. 
We also prove a limit multiplicity formula for twisted combinatorial Reidemeister torsion 
on higher dimensional hyperbolic manifolds. 
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1. Introduction 

The torsion in the cohomology of arithmetic groups has recently attracted new interest 
from number theorists. Without aiming at completeness, we refer for example to |BV13] . 
|CV12j . |Emel4] and |Schl3] . In this paper, we study the twisted cohomological torsion 
quantitatively for a hxed principal congruence subgroup of a Bianchi group under a vari¬ 
ation of the local system. Bianchi groups represent all classes of non-uniform lattices in 
SL 2 (C) ; thus our result complements the study of this question for arithmetic lattices in 
SL 2 (C) dehned over imaginary quadratic helds done by Simon Marshall and Werner Muller 
in |MM13] (where the authors give an equality for the asymptotic torsion size, while we 
only get upper and lower bounds for the growth rate). 

To state our main result more precisely, we need to introduce some notation. Let U G N 
be square-free and let F = Q{y/—D) be the associated imaginary quadratic number held 

1 

















2 


JONATHAN PFAFF AND JEAN RAIMBAULT 


with ring of integers Od. Let T^ := SL 2 (C>d)- Then L/j is an arithmetic subgroup 
of SL 2 (C) which acts on SL 2 (C)/SU(2) = and the quotient r£)\]H[^ is a hyperbolic 
orbifold of finite volume. If o is a non-zero ideal of Od, we let r(a) denote the principal 
congruence subgroup of level a. This is a finite-index subroup of Td which is neat (i.e. 
none of its non-unipotent elements have a root of unity as an eigenvalue, in particular it 
is torsion-free) as soon as the norm N{a) is sufficiently large (iV(a) > 9 suffices). We shall 
assume this from now on. Thus, := r(a)\]HI^ is an arithmetic hyperbolic manifold of 
finite volume. It is never compact and has finitely many cusps, whose number we shall 
denote by A(r(o)). For m G N let pm be the natural representation of SL 2 (C) on the 
mth symmetric power V{m) := Symm”*C^ of it’s standard representation on C^. Then 
there exists a Z-lattice A(m) in V{m) which is preserved by Pm(r d) (one can simply take 
A(m) = Symm^Ol)). 

Now one can form the integral cohomology groups iL*(r(a); A(m)) of the r(a)-modules 
A(m). These are hnitely generated abelian groups and thus they split as 

H*{r{ay,A{m)) = H%r{ay,A{m))free®H*{r{ay,A{m))tors, 

where the first group in this decomposition is a free finite-rank Z-module and the second 
group is a hnite abelian group. Moreover, H*(T{a);A{m))free is a lattice in the real coho¬ 
mology H^(r{a), V{m)). In this paper we are interested in the behaviour of the size of the 
cohomology group iL*(r(o); A(m))) as m goes to inhnity. First we note that 

(1.1) dimif^(F(a), V{m)) = dimH\T{a), V{m)) = K{T{a) 

for each m G N. This is easy to verify, see for example section 01 On the other hand, we 
will show that in degree 2 the size of the torsion part grows exponentially in as m —)■ cxd 
and we will specify the growth rate. More precisely, the main result of this paper is the 
following theorem (we stated it for the lattices A(m) but we prove that the growth rates 
are the same for any sequence of F(a)-invariant lattices in V{m )—see Proposition 17.3p . 


Theorem A. There exist constants C'i(F£)) > 0, C 2 {T d) > 0, which depend only on Td 
such that for each non-zero ideal o of Od with N{a) > Oi(Fi 5 ) one has 


( 1 . 2 ) 

and 

(1.3) 


limi,j l°E|g"(r((l);A(m)),„.U 1 vol(.Y.) A CiTd) ^ 

m^oo 777,2 ~ 2 TT \ N(u) J 


lim sup 


log |iL2(F(o); A(m))to^^| vol(Xa 


< 




TT 


1 + 


C'2(F 


D, 


N{a) 


Finally, we also have 

(1.4) |iL^(F(a); A(m))to„| =0(mlogm). 


as m ^ oo. 


If the class number of F is one and Oy = {±1}, we can take Oi(F 77 ) = 4 (this is 
valid only for D = —7,—11,—19,—43,—67 and —163 by the Stark-Heegner Theorem). 
We shall now briefly sketch our method to prove our main result. The main point in 
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our case is to establish the lower bound on the torsion given in fll.2p . i.e. to establish 
its exponential growth in Let us point out that there are two severe difficulties in 
the present non-compact case which are not present in the case of compact arithmetic 
3-manifolds mentioned above. Firstly, the use of analytic torsion as a main tool is more 
complicated. Secondly, the real cohomology H*(T, V{m)) does not vanish in our situation. 
We shah now describe these issues in more detail. 

As already observed by Nicolas Bergeron and Akshay Venkatesh in |BV13j . the size 
of cohomological torsion is closely related to the Reidemeister torsion of the underlying 
manifold with coefficients in the underlying local system. In the present hnite volume case, 
one has to work with the twisted Reidemeister torsion of the Borel-Serre compactihcation 
X of X. For technical reasons, in most of the paper we also symmetrize the lattice A(m) 
to a lattice A(m) in V (m) := V{m) © V(m)* which it self-dual over Z (it is then not hard 
to deduce the estimates in Theorem |A] from their analogues for A(m)-coefficients). The 
Reidemeister torsion is then dehned with respect to a canonical basis in the cohomology 
H*{X]V{m)) using Eisenstein cohomology classes following Gunter Harder |Har 75]. By 
a gluing formula for the Reidemeister torsion, which was obtained by the hrst author 
in |Pfal3] building on work of Matthias Lesch |Lesl3] . the Reidemeister torsion can be 
compared to the regularized analytic torsion of the manifold X. The asymptotic behaviour 
of the regularized analytic torsion in the hnite volume case for a variation of the local system 
has already been studied by Muller and the hrst author in |MP12] using the Selberg trace 
formula. Thus we have to study the error term which occured in |Pfal3] in the comparison 
formula between analytic and Reidemeister torsion. It turns out that our study of the 
error term can be performed without any changes also in the higher dimensional situations. 
While we do not compute the error term explicitly, we bring it in a form which is sufficient 
for the application to cohomological torsion.The main point is that the error term depends 
only on the geometry of the cusps which is very restricted on such manifolds. Also, along 
the line we can establish limit multiplicity formulae for twisted Reidemeister torsion in the 
spirit of |BV13] on arithmetic hyperbolic manifolds of hnite volume of arbitrary dimension, 
see Corollary 12.41 

Now we turn to the second aforementioned difficulty. Since the real cohomology of F(a) 
with coefficients in V (m) does not vanish in the hnite-volume case, we also have to study 
certain volume factors occuring in the comparison formula between Reidemeister torsion 
and the size of cohomological torsion. Since our basis in the real cohomology is given 
by Eisenstein series, this leads to the question about the integrality of certain quotients 
of L-functions evaluated at positive integers. In the 3-dimensional case, these are Hecke 
L-functions and we can use the work of R. Damereh [Dam 2Q|,[D am n] to control these 
quotients. At the moment, we do not know how to do this in higher dimensions. 

Concerning the other statements of our main theorem, at least with a worse constant, 
the upper bound fll.31) can be established in an elementary and completely combinatorial 
way, without referring to analytic or Reidemeister torsion, see Proposition 18.31 In fact, our 
approach for the upper bound on the combinatorial torsion generalizes easily to arbitrary 
dimensions and to arbitrary rays in the weight lattice; it is similar to that used by V. 
Emerv [Erne 14] or R. Sauer jSau H- We note that if we were able to obtain a proper limit 
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for the Redemeister torsion instead of the quotient of two such, we would obtain an optimal 
upper bound for the exponential growth rate of the torsion in the second cohomology, by 
an argument similar to that used in the proof of the easy part of [Rail31 Lemma 6.14], The 
last estimate (ll.dh in our theorem is the easiest one to prove, and does not require analytic 
torsion or any sophisticated tool. Since we work with a Q-split group the representations 
are easier to analyze that in the nonsplit case which was dealt with in |MM131 section 
4]—we can work globally from the beginning. 

We hnally remark that Theorem also holds with the same proof for slightly more 
general rays of local systems. Namely, the hnite dimensional irreducible representations 
of SL 2 (C) are parametrized as Symm""^ ®Symm”^, where ni,n 2 G N and where Symm"'^ 
is the complex conjugate of Symm*^^. Each such representation space carries a canonical 
Z-lattice preserved by the action of T^). If we £x ni and n 2 with ni ^ n 2 and let ^ 2 ) 

be the representation Symm”^”^ ®Symm'""'^, then the analog of Theorem holds if we 
replace the factor by m dimpm(Ri 5 ’^ 2 ) which grows as m? if both rii and n 2 are not 
zero. However, we can by no means remove the assumption rii 7 ^ n 2 - In other words, the 
ray Pm(l; 1) = Symm”^ i^Symm’", which is the ray carrying cuspidal cohomology, cannot be 
studied by our methods. For a hxed r(a), we can only show that the size of cohomological 
torsion with coefficients in the canonical lattice associated to grows at most as 

mrkpm(l, 1 ) = 0{m^), but we can say nothing about the existence of torsion along this 
ray, i.e. we cannot establish any bound from below. The reason is that here 0 belongs 
to the essential spectrum of the twisted Laplacian in the middle dimension. Therefore, 
essentially none of the results on analytic torsion we use in our proof is currently available 
for Pm{^, 1) and also the regulator would be more complicated. We remark that, as far as 
we know, even in the compact case no result for the growth of torsion along this particular 
ray has been obtained. For an investigation of the dimension of the (cuspidal) cohomology 
along this ray, we refer to IFCITinj . 

This paper is organized as follows : in section |2] we introduce the analytic torsion for 
cusped manifolds, then in section [3] we study it further for congruence subgroups of Bianchi 
groups. We introduce the combinatorial (Reidemeister) torsion in section 0] and recall the 
Cheeger-Miiller equality proven in [Pfal3] there. Then we study the intertwining operators 
in section 0 ] and El hrst computing them using adeles and then bounding their denominators. 
The last sections contain the proof of the main theorem: in section [7] we combine the results 
of the previous sections to prove fll.2p . and we prove fll.3p in section | 8 l 

Acknowledgement. The hrst author was hnancially supported by the DFG-grant PF 
826/1-1. He gratefully acknowledges the hospitality of Stanford University in 2014 and 
2015. 

2. The regularized analytic torsion for coverings 

In this section we shall review the dehnition of regularized traces and the regularized 
analytic torsion of hyperbolic manifolds X of hnite volume. These objects are dehned in 
terms of a hxed choice of truncation parameters on X and there are two diherent ways to 
perform such a trunctation which are relevant in the present paper. Firstly, one can define 
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a truncation of X via a fixed choice of F-cuspidal parabolic subgroups of G. Secondly, if X 
is a finite covering of a hyperbolic orbifold Xq, then a choice of truncation parameters on 
Xq gives a truncation on X in terms of which one can define another regularized analytic 
torsion. We shall compute the difference between the associate regularized analytic torsions 
explicitly. For more details we refer to [MP12] . |MP14a] . 

We denote by SO°((i, 1) the identity-component of the isometry group of the standard 
quadratic form of signature {d, 1) on Let Spin(d, 1) denote the universal covering of 

SO°((i, 1). We let either G := SO°((i, 1) or G := Spin((i, 1). We assume that d is odd and 
write d = 2n + 1. Let K := SO{d), if G = SO^{d, 1) or K := Spin((i), if G = Spin((i, 1). 
We let g be the Lie algebra of G. Let 6 denote the standard Cartan involution of g and 
let g = t © p denote the associated Cartan decomposition of g, where ^ is the Lie algebra 
of K. Let B be the Killing form. Then 

( 2 . 1 ) 

is an inner product on g. Moreover, the globally symmetric space G/K, equipped with the 
G-invariant metric induced by the restriction of fl2.ip to p is isometric to the d-dimensional 
real hyperbolic space H'^. Let P C G be a discrete, torsion-free subgroup. Then X := r\]H['^, 
equipped with the push-down of the metric on H'^, is a d-dimensional hyperbolic manifold. 
We let P be a fixed parabolic subgroup of G with Langlands decomposition P = MpApNp 
as in |MP12j . Let a denote the Lie algebra oi Ap and exp : o — )■ Ap the exponential map. 
Then we fix a restricted root ci of a in g, let idi G o be such that ei(idi) = 1 and define 
Lp : (0, cx)) —)■ Ap by ip{t) := exp(logfidi). If Pi is another parabolic subgroup of G, 
we fix fcp G iC with Pi = kp^^Pkp^ and define Ap^ := kp^Apkp^, Mp^ := kp^^Mp-^kp^ 
Np := kp^Np^kp^. Moreover, for t G (0, cxd) we define tpi(t) := kp^ip{t)k'^^ G Ap^. For 
K > 0 we let ^dpjF] := tp^([F, oo)). 

A parabolic subgroup Pi of G is called F-cuspidal if F n Np^ is a lattice in Np^. From 
now on, we assume that vol(X) is finite and that F is neat in the sense of Borel, i.e. that 
F n Pi = F n iVpj for each F-cuspdail Pi. If Pi is F-cuspidal, then for K >0 we put 

Fppr{Y) := (F n Np,)\Np, x Ap, [K] = (F n Np,)\Np, x [K, oo). 

We equip FppT (Y) with the metric y ‘^gNp^ + U ^dy^ where gpfp^ is the push-down of the 
invariant metric on A^p, induced by the innerer product fl2.ip restricted to np,. 

Let Rep(G) denote the set of hnite-dimensional irreducible representations of G. For 
p G Rep(G) the associated vector space Vp posesses a distinugished inner product (•,-,)p 
which is called admissible and which is unique up to scaling. We shall fix an admissible 
inner product on each Vp. If p G Rep(G), then the restriction of p to F induces a flat vector 
bundle Ep ■.= X Xp\p Vp. This bundle is canonically isomorphic to the locally homogeneous 
bundle E'^ := F\G Xp|,^ Vp induced by the restriction of p to K. In particular, since p\k 
is a unitary representation on (Rp, (•, )^), the inner product (•,)^ induces a smooth bundle 
metric on E'p and therefore on Ep. For p = 0,..., d let Ap(p) denote the flat Hodge 
Laplacian acting on the smooth Pp-valued p-forms of X. Since X is complete, Ap(p) with 
domain the smooth, compactly supported i?p-valued p-forms is essentially selfadjoint and 
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its L^-closure shall be denoted by the same symbol. Let e denote the heat semigronp 

of Ap(p) and let 

K^/{t,x,y)eC^{X xX-Ep^E;) 

be the integral kernel of 

We let be a hxed set of L-cnspidal parabolic snbgronps of G. Then is non-empty 
if and only if X is non-compact. Moreover, ^(r) := eqnals the nnmber of cusps of X 
which from now on we assume to be nonzero. The choice of and of a hxed base-point 
in X determine an exhaustion of X by smooth compact manifolds Xipp(y') with boundary, 
Y >> 0. This exhaustion depends on the choice of ^r- Then one can show that the 
integral of K'^^[t,x,x) over Atpj,(y) has an asymptotic expansion 


( 2 . 2 ) 




Tr X, x)dx = a-i(f) logF -|- ao{t) + o(l). 


as F —)■ cx), |MP12j [section 5]. Now one can dehne the regularized trace Tri.eg;X;?Pr 
of with respect to the choice of by Trreg;X;'Pr where ao(^) is 

the constant term in the asymptotic expansion in fl2.2l) . 

From now on, we also assume that there is a hyperbolic orbifold Xq := ro\]HI‘^ such that 
A is a hnite covering of Xq. Let vr : X —)• Xq denote the covering map. Then if a set of 
truncation parameters on Xq, or in other words a set of representatives of To-cuspidal 
parabolic subgroups are hxed, one obtains truncation parameters on X by pulling back 
the truncation on Xq via tt. One can again show that there is an asymptotic expansion 


(2.3) / Tr x, = Q!_i(f) logF-|- Q!o(^) + o(l), 

as F —)■ cxo and one can dehne the regulraized trace with respect to the truncation param¬ 
eters on Xq as Trreg;X;Ao := Q!o(^)- This regulararized trace depends only on the 

choice of a set *^ro of representatives of To-cuspidal parabolic subgroups of G. Put 

(2.4) 

.h'x;<Pr(t,p) := y^(-l)^pTrreg;q3r Kx-Xo{t,p) ■= y^(-l)^pTrreg;X;Ao 

p p 

Now assume that p satishes p ^ pg. Then one dehnes the analytic torsion with respect to 
the two truncations of X by 


(2.5) 

logTx;(Pr(p) 

1 d 

2 ds 

J 

TW 

poo 

/ F"^Xx;<Pr(t,p)dt 

(2.6) 

logTx;Xo(p) 

1 d 

2 ds 


U) 



Here the integrals converge absolutely and locally uniformly for 3fJ(s) > d/2 and are dehned 
near s = 0 by analytic continuation, |MP12l section 7], |MP14a[ section 9]. 

To compare the two analytic torsions in fl2.5l) and fl2.6p . we need to introduce some more 
notation. We hx = {-Pop, • • •, .Po,K(ro)} ^md • • •, Then for each Pj G 
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there exists a unique l{j) E ^(ro)} and a 'jj E Fq such that 'jjPj'jj ^ = Po,iij)- 

Write 

(2.7) = no,l{j)Lp^^^.^{tp.)ko^l(^j), 

no,i(j) E tp. E (0, cx)), ip^^^.^{tp.) E ^Po.io) above, and /co,i(i) ^ Since Po,z(i) 

equals its normalizer, the projection of to (Fq fl Po,z(j))\Fo is unique. Moreover, since 
Po,z(j) is Fo-cuspidal, one has Fq Fl Po,z(j) = Fq fl Np^^^J^Mp^^^.y Thus tp^ depends only on 
^ro and Pj. 

Now the analytic torsions logT(pp(Xi; Pp) and log T^o Pp) are compared in the fol¬ 
lowing proposition. 


Proposition 2.1. One has 

logr^pA';£,)=logrv,(.V£,)+ E 

PjE'Pr \k=0 

Proof. This follows by an application of a theorem of Kostant |Kos61] on nilpotent Lie 
algebra cohomology. For p E {0,..., d} dehne a representation of K on (g) V{p) by 
iy,(p) := A^'Ad*®^. Let := G Xup(p) K, which is a homogeneous vector bundle 

over = G/K. Let fl be the Casimir element of g. Then —fl -|- p(fl) induces canon¬ 
ically a Laplace-type operator Ap(p) which acts on the smooth sections of The 

heat semigroup of is canonically represented by a smooth function : G -E 

End(APp* (g) Vj,), jMP121 section 4, section 7]. Let := TrPf’^ and put 

yp := Y.(-ifphr. 

p 

Then by the dehnition of the regularized traces, one has 

(2.8) [ I ^ fcf’^(a:"^7a:) I da: = a_i(t;p) logy-f iFx;'Pr(^)P) + o(l), 

V7er / 

as F —>■ oo, resp. 

(2.9) [ ('^k^’%x-^jx)]dx = a_i{t-,p)\ogY + Kx-Xo{t,p) + o{l), 

\76r / 

as F —)■ oo, where we use the notation fl2.4p . On the other hand, for k = 0,... ,n let 
h^p,k ^ c°^{G) be dehned as in [MP121 (8.7)]. If we apply the same considerations as in 
|MP14a| section 6] to the functions then combining |MP121 Proposition 8.2], (I2.8p 
and (12.91) we obtain 


Ex-,Xo{t, p) - p) - ^ log tpj I 

PjSCPr Va:=0 

Taking the Mellin transform, the Proposition follows. 


(-l)^dim((Tp^fc)e * 


□ 
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Next, as in |Pfal3] . for each Pj G fPr and for F > 0 one can define the regularized 
analytic torsion T{Fp..r{Y),dFp..r{y)] Ep) of Fp..r{Y) and the bundle Ep\pp ,-^(^Y), where 
one takes relative boundary conditions. For different Y, these torsions are compared by 
the following gluing formula. 

Lemma 2.2. Let c{n) E ^ be as in [Pfal3i equation 15.10]. Then for Yi > 0 and I 2 > 0 
one has 


logT{Fp.r{Y^), dFp.riY,); Ep) - c(n) vol(aFp^,r(n)) rk(E,) 

= logT(Fp^,.r(F 2 ), dEp.riY^)-, Ep) - c(n) vol(aFp^,r(Y' 2 )) rk(E,) 

n 

+ X](-l)''^^Ap,fcdim(ap,fc)(log(y 2 ) - log(ld)). 

k=0 

Proof. This follows immediately from |Pfal3t Corollary 15.4, equation (15.11) and Corol¬ 
lary 16.2]. □ 

We let X denote the Borel-Serre compactihcation of X and we let TpisiX] Ep) be the 
Reidemeister torsion of X with coefficients in Ep, dehned as in |Pfal3l section 9]. For 
simplicity, we assume that F is normal in Fq. Then for the torsion Tx^iX] Ep), the main 
result of |Pfal3] can be restated as follows. 

Proposition 2.3. For the analytic torsion Tx^iX] Ep) one has 

^ d—l 

\ogTE^s{X■,Ep) = logTx,{X-^Ep) - -J2i-^f'^og\Xp^,\dimH\dX-,Ep) 

k=0 

kTo) , 

- 5 ; #{P, €<13r: -tjPp-' = P„,,} logTTp.,,(l),SFp„,,(l);Bj 

1=1 k 

- c{n) vo\{dEp^ p^{l)) rk(Ep)^ . 

Proof. By |Pfal31 Theorem 1.1] and by Proposition 12.11 we have 

\ogTE^s{X-,Ep)=\ogTxM-.Ep)+ Y. (y 

PjSCPr Va:=0 

- (logT(Fp^,r(l),aFp^,r(l);i?p)-c(n)vol(aFp^,r(l))rk(Ep)) 

P.S'Pr 

^ d—l 

- i d^H^dX; Ep) 

^ k=0 

where we recall that the regularized analytic torsion used in |Pfal3l Theorem 1.1] is the 
torsion denoted T<^^{X-, Ep) here. Using that F is normal in Fq, it easily follows from the 
dehnition of tp. that for each Pj G one has a canonical isometry '■ Fp^..r(l) = 
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It is to see that also (^Eplpp^ is isometric to Ep\Fp^,^(^iy 

Thus we have 

logT(Fp^,r(l), dEp^ril); Ep) - c(n) vol(aFp^;r(l)) rk(Ep) 

= logT(Fp^^y^^^(tpJ, aFp^^,(.^;r(tpJ; Ep) - c{n) vol(aFp^ ,(.^;r(tp,)) rk(Ep). 

Applying Lemma 12.21 the Proposition follows. 

□ 


Although the main topic of this paper is the behaviour of cohomological torsion of con¬ 
gruence subgroups of Bianchi groups under a variation of the local system, we now state 
the following limit multiplicity formula for twisted Reidemeister torsion in arithmetic hy¬ 
perbolic congruence towers of arbitrary odd dimension, since the latter is an easy corollary. 

Corollary 2.4. Let G := SO°((i, 1), d odd, and for q G N letV{q) := ker(G(Z) —)■ GifL/ql) 
denote the principal congruence subgroup of level q. Let Xq := r(q')\]H['^. Then for any 
p G Rep(G) with p ^ pe one has 


lim 

q^oo 


logTEisiXq] Ep) 

vol(X,) 



where t^\p) is the Lf -invariant associated to p and which is defined as in |BV13j . 
[MP14a] and which is never zero. The same holds for ever sequence of arithmetic 
hyperbolic 3-manifolds associated to princiapl congruence subgroups P(a) of Bianchi groups 
if N(a) —)■ oo. 


Proof. First we assue that G = SO°((i, 1). Let Pq := G(Z) and Xq := Po\]HI'^. By |MP14al 
Corollary 1.3], for the analytic torsion Txq{Xq] Ep) one has 


( 2 . 10 ) 


logTxo(Xg;Ep) 
q^co Vol(Xq) 



as g —>■ CX3. Next it is well-known that for the number K(P(g)) of cusps of P(g) one has 


( 2 . 11 ) 


lim 


«:(P(g)) 


q^oo Vol(Xq) 


0 , 


see for example [MP14a( Proposition 8.6]. For Pq,; ^ we let Ar(q)(Po,i) := log((F(g) fl 
Npqfj, which is a lattice in up^,. By a result of Deitmar and Hoffmann |DH99( Lemma 4], for 
each Pq^i G there exists a finite set of lattices Pp^, = {Ai(Po,i),..., Am(Po,z)} in RPo; 
such that for each g G N the lattice Ar(g)(Po,z) arises by scaling one of the lattices Aj^Pq^i), 
j = 1,... ,m, see |MP14al Lemma 10.1]. For Aj(Po,z) G Cpq^ we let T^.^p^^ := Aj{PQ^l)\npq^, 
equipped with the flat metric fl2.ll) restricted to np^^ which we shall denote by gAj(Poi)- 
Then we let PA,(Po,i)(l) := [1, oo) X ^j{Po,i), equipped with the metric y~‘^{dy‘^ gA,(Po,i)), 

y G [1, cx)). If Ar(g)(Po,z) = Pq.,Pq ,Aj{Po^i) with Aj{Po^i) G Cp^^ and Pg-^p^^ G (0, cx)), then by 
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Lemma [2.21 one has 

logT - c(n) (1)) rk(Ep) 

= logT (Fa^(p^^,)( 1), aFA.(p^^,)(l); Ep) - c{n) vol(Aj(Poj)) rk(Pp) 

n 

+ loghg;Po,i 5^(-l)^Ap,fcdim(ap,fc). 

k=0 

We can obviously estimate /ig;Po( < C'i[ro fl Apg; : r(q) n -/VpoJ, where Ci is a constant 
which is independent of q. Thus there exists a constant C 2 such that for all q one can 
estimate 

logT (Fp„„yi),SFp„„yi)i B,) - c(«) vol(SFp„„yn 

< C2 iog[ro n iVpg,: r(q) n a'pq J. 

For each Z G {1,..., ^(ro)} one has 

€ yr(,): 7,-Py7i' = ^oA #(r(g)\ro/(ro n Po,0) ^_1_ 

[ro : r(g)] [Fo : F(g)] " [Fo H iVp„, : r(q) n NpJ ' 

Thus for all q one can estimate 


( 2 . 12 ) 


"■fi AlF, eq}r(,):7,Fp7‘-a,J 
s Fo: r(9)] 

X I logT (Fp„,„,,(l), 8 Fp,,.Al);Fp) -c( 7 i)vol( 8 Fp„,.^,^,(l))rk(F^) 

< „ logFo n Np,,: FM n iVp.,] 

- [r„ n iVp„ : r(,) n ]Vp„l ' 


Since nqF(g) = { 1 }, [Fq fl iVpg; : F(g) fl A’p^J as g — )■ 00 and thus the last term in 
fl2.r2p goes to zero as q tends to inhnity. Since dimP^(9Xg) = 0(K(Fg)), the corollary 
follows by applying Proposition 12.31 equation fl2.10p and equation fl2.1ip . For a sequence 
Xa associated to principal congruence subgroups of Bianchi groups, one argues in the same 
way. □ 


3. Analytic and combinatorial torsion for congruence subgroups oe 

Bianchi groups 

From now on, we let G = Spin(3,1) = SL 2 (C), K = Spin(3) = SU(2). We take P to be 
the standard parabolic subgroup of G consiting of all upper triangular matrices in G. Then 
the unipotent radical Np of P is given by all upper triangular matrices whose diagonal 
entries are one. Moreover, we let Mp and Ap denote the subgroups of SL 2 (C) dehned by 

:«e|0,27|ji Plp := { (^ : ( € (0, oo) j , 


(3.1) 
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Then P = MpApNp. Let Up denote the Lie algebra of Np and let ap denote the Lie 
algebra of Ap. For fc G Z, A G C we let : Mp —)■ C, (^a : Ap —)■ C be dehned by 

-‘((f «'((o 

Then the assignment A —?• ^a is consistent wit our earlier identification C = (ap)c. The 
group Koo acts on Qjt by Ad and we let K^o act on ap © np by using the canonical identi¬ 
fication q/1 = ap © np. 

Let F := Q{\/—D) be an imaginary quadratic number held and let dp be its class 
number. Let Op denote the ring of integers of F. Let Op be the group of units of Op, i.e. 
0*p = {±1} for Dj^l,3,0*p = {±1, ±V^} for O = 1, O^, = {±1, for 0 = 3. 

Let Tp := SL 2 (Op). The quotient Xq := rp\]H[^ is a hyperbolic orbifold of hnite volume, 
see for example jEGM98j . We have 


(3.2) rpniVp=|(^J :&gOp| 

We hx a set = {-Pop, • • •, Pqm^d)} representatives of Tp-cuspidal parabolic sub¬ 
groups of G, where we require each parabolic to be F-rational and where we assume that 
Pop = P- Let P^(P) be the one-dimensional projective space of F. As usual, we write 
oo for the element [1,0] G P^(F). Then SL 2 (P) acts transitively on P^(F) and P is the 
stabilizer of oo. In particular for each subgroup T of Tp one has ^(r) = ^ (T\G/P) = 
# (r\P^(F)). Moreover, by |EGM981 Chapter 7.2, Theorem 2.4], one has ^(rp) = dp. Let 
{rji: I = 1,... ,ridp} denote hxed representatives of rp\P^(F) such that Pq.z ^ ^ro is the 
stabilizer of rji in SL 2 (C) for each /. 

For a a non-zero ideal of Op we let F(a) denote the principal congruence subroup of Fp of 
level a. This group is normal in Fp; moreover, for A^(a) sufficiently large {N{a) > 3 in the 
case Op = ±1), the group F(a) is neat. We shall assume from now on that this is the case. 
Then Xa := F(a)\]HI^ is a hyperbolic 3-manifold of finite volume. According to the previous 
section, for p G Rep(G) with p ^ pg, we can dehne the analytic torsion logTxQ^Xa] Ep) of 
Xa with coefficients in Ep with respect to the choice of truncation parameters coming from 
the covering vr : —)■ Xq and the choice of • 

We shall now simplify the formula in fl2.3|) a bit further for the specihc manifolds X„. Let 
b be a non-zero ideal of Op. Taking the identihcation fl3.2p . we shall regard b as a lattice 
in Up. We denote this latttice by Ap(b) and we let TAp(b) := exp(Ap(b))\Xp denote the 
corresponding torus. As above, for r > 0 we let PAp(fa)(i’) := [i", C)o) x TAp(b) denote the 
corresponding cusp. We fix ideals Si, I = 1,... ,dp in Op which represent the class group 
of P. Then we have: 
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Proposition 3.1. There exist ni^Y(a)-i ■■■ ^''^dF,T(a) G NU{0}, wit/i ni,r(o)+‘• •+’^dF,r(o) = dp, 
and there exist /ii,r(o); • • •; Tdp,T(a) ^ (0, cxd) such that 


dp 


log TpisiX^; Ep) = logTxo(X„; Ep) - ^ 


[rn : r(a)] 


^i,r(a) logT (Fap( 3 ^)( 1 ), aFAp( 3 ,)(l); Ep) 


^ #(Ol,)iV(a 

- ni,r(a)cil) vol (Ap(5z)) rk{Ep) + (Ap,i - Ap,o)/iz,r(a) log/iz,r(a) 

- 2 - 

Here the ni,r(o), • • • ,ndF,r{a) ^ NU{0} and the /ii,r(o), • • •, TdF,r{a) G (0, oo) depend on r(a), 
but not on the representation p. 

Proof. Let Z = 1, ... yPdp} denote fixed representatives of Tp\F^{E) snch that Pqj ^ 
fPro is the stabilizer of pi in SL 2 (C) for each 1. For each Z = 1,..., dp we £x G SL 2 (P) 
with Bp^pl = oo. Then Pqj =: = B-^PBnp Let (Fp)^, = Fp n P^, resp. F(a)^, = 

F(a) n P^, be the stabilizers of pi inTp resp. F(a). One has 


aeO 


( 3 . 3 ) = I n Af): J e 10 A . 

In particnlar, one has P^;F(a)^P“^ O P = P^;F(a)^P“^ O N for At(a) snfficiently large. 
Write P„, = I G SL 2 (P) and let U; be the Op-module generated by 7 ; and dp 


Then one has 


7z 0i 


niV- 


1 u 
0 1 


; a; e U; } ; P^,F(a)^P^, O iV = 


1 caO f _2 
0 ^ e au; 


where the hrst equality is proved in [EGM98[ Chapter 8.2, Lemma 2.2] and where the 
second equality can be proved using the same arguments. Thus one has 

K(rD)„B,-‘ n N : n Af] = N(a). 

Thus by fl3.3|) . for each Z = 1,..., dp and N{a) suffciently large one has [(F: F(o),,J = 
if{Of))N{a) and so one has 


ff{Pj ^ ^lr(a): IjPjlj — Po,i} — 


[rn : r(a)] 


*iOh)Nia) 

For each Z there is a constant kz > 0 which depends only on Bp^ such that one has a canon¬ 
ical isometry z- : Ep^p^r{a){^) — PAp{Kiau~^)i^) which induces an isomtery z.*Pp|p^ ^ - 2 j(i) ~ 

E,\ Fpq ;r(a)(i)- Nsxt, there exists a unique map a from dp} into itself such that 

for each Z = 1,... ,dp there exists a pi^r{a) ^ P* with auf^ = Pip{a)5a-{i)- We let pi^r{a) •= 
f^i\Ti,r(a)\- Then it follows that there is a canonical isometry z- : Ppg,;r(o)(l) — 
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which extends to an isometry i*Eo\„ .-i n = Thns it follows from 

Lemma 12.21 that 

logT(Fp„,.r(„)(l), aFp^,,;r(fl)(l); Ep) - c(l) Yo\{dEp^^.r{a){^)) M^p) 

= logT ,)(!), ,)(!); Ep) - c(l) vol (^aEAp(,^(,))(l)) + log/ri,r(a)(Ap,i - Ap,o). 

For each Z = 1,..., di? we let n; r(a) := #{<^”^0}- Then, since dim((Tp,fc) = 1 in the case of 
G = SL 2 (C), the Proposition follows from Proposition 12.31 □ 

We let Pi denote the standard representation of SL 2 (C) on and for m G N we consider 
the representation pm '■= Symm"*pi on V{m) := Symm^'C^. We can now deduce the 
following result on the growth of the torsion TEis{Xa] E{pm)) if m oo. . 


Proposition 3.2. Let a and Oq he two ideals in Op such that P(a) and r(ao) are neat 
and such that, in the notation of the previous proposition, one has ni,r(a) = 'Rz,r(ao) for each 
1 = 1,..., dp- Then one has 


[Pd : r(ao)] , 

#(C>|,)iV(ao) 

[PD:P(ao)][PD:P(a)] / 1 

fO*pTi \N{ao) 

as m —)■ oo. 


[Tp : r(a)] 
#{Oh)N{a) 
1 


log TEis{Xao; E{pm)) 


Nia] 


vol(P d\IHI'^)ir + O(mlogm), 


Proof. In the notation of [MP12] . the representation p^ is the representation of highest 
weight {m/2, m/2). If P is a neat finite index subgroup of Pd and if we let W := P\]HI^, 
then specializing [MP121 Theorem 1.1] to the present situation, we obtain 

lim logTAo(W;Ep^) = --vol(X)m^ + 0(m log m), 

m^oo 7 ]* 

as m —)■ cxD. Moreover, one has Ap^^o = {m + l)/2 and Ap^^^i = m/2. Thus the proposition 
follows from the previous Proposition 13.11 □ 

There is a constant C'J(r) such that P(a) is neat for all ideals a of C>d with iV(a) > (^[(P). 
If Op = {±1}, one has C[(P) = 3. Next we remark that by the requirement ni,r(a) + ■ —H 
ndp{a) = dp there is a finite set A of ideals of Op such that iV(ao) > C'J(r) for each ao E A 
and such that for each non-zero ideal a of Od with A^(a) > CJ(r) there is an Uq G M such 
that nz,r(a) = 'nz,r(ao) ^ = I,. .. ,dp. We let <Pi(P) := max{iV(ao): Oq G A} and we 

let C'i(P) := max{Ei(P),C';(P)}. 


4. Torsion in cohomology and Reidemeister torsion 

We keep the notation of the preceding section. Let A(m) := Symm^C^D- Then A(m) 
is a lattice in V{m) which is preserved by T{D)-, we denote the representation of T{D) on 
Autz(A(m)) by pm;Z- Let A(m) := IIomz(A(m), Z) denote the dual lattice of A(m) and let 
Pm;Z denote the contragredient representations of T{D) on A^- We let pz-m ■= Pz;m ® Pi-,m 
denote the corresponding integral representation of P(Z1) on A(m) := A(m)0A(m). We let 
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Pm denote the corresponding real representation of F onV (m) := V{m) © V{m)*. Over M, 
the representation pm is self-dual, i.e. one has Pm — Pm® pm- In particular, no irreducible 
summand of pm is invariant under the Cartan involution 9 . Let F be any neat, finite index 
subgroup of T{D). Then we regard each A(m) as a F-module. Let iF*(F,A(m)) be the 
cohomology groups of F with coefficients in A(m). These groups are finitely generated 
abelian groups and thus they admit a decomposition 

H*{T, A(m)) = H*{T, A(m)) free © H*{T, A{m))tors, 

where iF*(F, A{m))free are free, finite-rank Z-modules and where iF*(F, A{m))tors are finite 
abelian groups. Let X := F\]HI^ and let X denote the Borel-Serre compactification of X. 
The latter is homotopy equivalent to X. In particular, defines an integral local system 
C{m) over X. Since the universal covering of X resp. X is contractible, one has a canonical 
isomorphism iF*(F,A(m)) = H*{X,C{m)). Let Ep^ denote the flat vector bundle over X 
resp. X corresponding to pm and let H*{X; Ep^) denote the singular cohomology groups 
of X with coefficients in Ep^. Then H*{T, A{m)) free is a lattice in H*{X] Ep^). 

We now recall the description of the canonical bases in the cohomology H*{X; Ep^) 
which are used to define the Reidemeister torsion TEis{X] Ep^). For more details, we refer 
to |Pfal3] . We shall use the notation of |Pfal31 section 8]. Let dX denote the boundary of 
X. If i : dX —)■ X denotes the inclusion map, the corresponding maps : H^{X] Ep^) —)■ 
H^{dX]p ^) in cohomology are injective for k G {1,2}, see |Pfal3| Lemma 8.3]. Thus the 
cohomology H* (X; Ep^ ) is completely described in terms of Eisenstein cohomoIgy due to 
Harder |Har75j . For each Pj G lef V{m)) denote the harmonic forms of degree 

k in the Lie algebra cohomology complex of xip^ with coefficients in V{m). We equip this 
space with the inner product induced by the restriction of the inner product fl2.ip on g to 
Up^ and the admissible inner product on V{m). Let G Mp and i G (—cxo,0) resp. 

£ Mp and Xp^^2 £ (—oo, 0) be defined as in [Pfal3|. section 6]. In the present situation, 
we have ^ = a-m-2 and ^ = -m/2 resp. ap^^2 = <T-m and Ap^,2 = -{m + l)/2. 
By the finite-dimensional Hodge thereom and a theorem of van Est one has a canonical 
isomorphism 

(4.1) 0 H‘(np„C(m)). 

Pj&<Vr 

In degree 1, Kostant’s theorem gives a splitting 'H^{npj,V{m)) = l-i^{np.,V{m))_ © 
V}{np.,V{m))+. We let 

_ 

0W‘(np,A(m))±. 

Then out of the constant term matrix of the Eisenstein series one obtains a map 


C(a_^_2,m/2) : H\dX-EpJ_ ^ H\dX-EpJp. 
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We have = 2 dim'H^(np^; V^(m)) = 2 as well as (]\mV}{np.]V{m))± = 

2dim.%^{np.]V{m))± = 2. For each Pj G let let be an orthonormal basis of 
P^i^npy, V{m))_ and let be an orthonormal basis of IH^inp.] V{m)). Then the set 

B\V -:= {^($1 m/2): j = 1,..., N(r) m = 1,..., dim?f"(np^,; f^(m))_} 

forms a basis of H^{X; Ep^), where m/2) denotes again the Eisenstein series eval- 

nated at m/2 as in |Pfal31 (7.3)] which is regnlar at this point by |Pfal31 Proposition 8.4], 
Moreover, in degree 2 the set 

^^(r; p^) := (m + l)/2): j = 1,..., «:(r) m = 1,..., dimn\npp,V{m))} 

forms a basis of H^{X; Ep^). Here (m + l)/2) denotes the Eisenstein series as¬ 

sociated to evaluated at (m -|- l)/2 which is again regular at this point. For 4)^^^ e 
^^^(np.; t7(m))_ one has 

(4.2) 4E($^, m/2) = + C(a_^_ 2 , m/2)4>^ 

and for G 'H‘^{npp, V{m)) one has 

(4.3) ilE{^l^,{m + l)/2) = ^l. 

By the dehnition of |Pfal3( section 9], the Reidemeister torsion TpisiX] Ep^) is taken us¬ 
ing the above bases in the cohomology. In particular, following Bergeron and Venkatesh 
|BV13] . the size of the groups i7*(F, A(m))tors is related to the combinatorial torsion 
TEis{X]EpJj in the following way. For k G {1,2} we let volsj,(r;p™)(77''(F;A(m))/ree) de¬ 
note the covolume of the lattice i7^(F; A(m))jree in H^{X] E{pm)) with respect to the 
inner product which arises by taking the basis Hfc(F;pm) as an orthonormal basis. Then 
by |BV131 section 2.2] one has 

log TpisiX ] Ep^) =log\H\T;A{m))tors\ - log\H^(T-, A{m)) torsi 

(4.4) -l0gV0lBi(r;p^)(i7^(X, A(m))/^ee) + log VolB 2 (r;p^)(i 72 (X, A(m))/^ee) 

In the notation of [BV13j , the term in the second line of fl4.4p is called the regulator. We 
need to study the regulator further. We denote by H*{dX;A{m) resp. H*{dX; E{pm)) 
the cohomology of dX with coefficients in £(m) resp. E{pm) restricted to dX. Again 
there is a decomposition EI*{dX]A{m)) = EI*{dX]A{m))free ® H*{dX]A{m))tors and 
H*{dX-,A{m))free is a lattice in H*[dX] Ep^). It is easy to see that H^[dX]A{m))± : = 
{dX; A{m)) free®H^{dX; Ep^)± are Z-lattices in H^{dX; Ep^)±. Thus H^{dX;A{m))-(B 
H^{dX]A{m))jr is a Z-sublattice of finite index in H^{dX-,A{m))free- Moreover, with re¬ 
spect to the lattices H^{dX] A{m))±, the matrix C(cr_m- 2 , ip./ 2) is Q-rational. In the 
present case where there is no interior cohomology, this just follows from 04.21) and the 
fact that the map is defined over Q. In other words, there exists iV G M such that 
N ■ C((j_m- 2 , 111 / 2 ) dehnes a map 

(4.5) 


N ■ C{a-m- 2 ,m/ 2 ) : i7^(cIX; A(m))_ — H^{dX; A{m))+. 
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We let dEis,c(^iPm) denote the smallest G N such that f|4.5l) holds. We point out 
that we do not treat the denominator of an Eisenstein cohomology class but only the 
denominator of the constant term matrix. However, this is sufficient for our purposes due 
to the following Lemma. 

Lemma 4.1. One can estimate 

logvolBi(r;p^)(Lf^(X,A(m)))/ 

ree ^ \og\H\X,A{m)\ 

tors A(r)iogfe,c(r,p^)) 

+k{T) log {[H\dX;A{m))free ■ H\dX;A(m)).(BH\dX;A{m))+]) . 

Proof. Let k := [H^{dX-.,A{m)) free '■ A(m))_ © H^{dX]A{m))^]. We define a free 

Z-submodule A{pm) of H^{dX]A{m))_ ® H^{dX]A{m))j^ by 

A(pm) 

:={hi + C(cr_m_2,m/2)77i: r]i G iL^(5X; A(m))_ : Cfa_.^_ 2 ,m/ 2 )rii G H^{dX]A{m))+]. 

Let prj^gg ; H^{dX]A{m)) —)■ {dX; A{m)) free be the projection. Then by (14. 2 h the 
lattice k ■ pr^-^gg A(m))yrgg is a Z- sublattice of A{pm) whose Z-rank is equal 

to that of A{pm). Thus the quotient A{pm)/ (fc ■ pr^^ggA(m))/ree) embeds into 
H^{X, dX]A{m))tors by the long exact cohomology sequence. By Poincare duality, |Wal66 
page 223-224] and the universal coefficient theorem one has 

H\X,dX-A{T^))ters = H^(X-Mm))ters = Lf' (X; A(m), 

where in the last isomorphism we used that A(m) was self-dual over Z. On the other 
hand, if 7r_ : A{pm) H^{dX] A{m))- is the projection, then by the definition of 
d£;is,c(r, Pm) and the fact that rk^ iL^(5X; A(m))_ = ^(r), the order of the quotient 
H^{dX]A{m))_/TT_A[pm) can be estimated as 

\H\dX-A{m))-/T^-A{p^)\ < dE^s,c{T,Prr^^^^\ 

Thus the first estimate follows easily from the definition of volgi(r;p^)(Lf^(X, A(m)))/ree- 

□ 


Lemma 4.2. ITe have : 

\ogYo\BpTEPm){H‘^{X,M^)) free < log |iL^(X, A(m) 

Proof. Similar to that of the previous lemma. □ 

5. The adelic intertwining operators 

In this section and the next one, we want to establish an estimate of dEis,c(J', Pm) by 
working adelically. We let G := SL 2 regarded as an algebraic group over F. Also, for 
notational convenience we shall write Koo := SU(2). Let A denote the adele ring of F and 
let Aj be the finite adeles. For a linear algebraic group Fd defined over F let H{A) denote 
its adelic points. For v a finite place we let F^ denote the completion of F at v, we let 
denote the integers in Fy and we let G be a fixed uniformizer. We let T be a fixed 
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neat congruence subgroup of SL 2 (C>d) of level a = H,; finite P""’> where is the prime ideal 
corresponding to v. 

Let P be the parabolic subgroup of G consisting of upper triangular matrices and let T 
denote the set of diagonal matrices of determinant one. Let Np denote the upper triangular 
matrices with 1 as diagonal entries. We regard both P and Np as algebraic groups over 
F. Then P = TNp. Let 

Kma. := i^oo X H SL 2 (a). 

V finite 

Then one has G(A) = P{A)Kmax- Let K(T)f C K^ax be the compact subgroup of G{Af) 
corresponding to T, i.e. T = G{F) fl K(T)f, where T and G{F) are embedded diagonally 
into G{Af). Let gp,^,..., gp^ G G{F) denote hxed representatives of P{F)\G{F)/r. We 
assume gp^ = 1. Let Pi := gp^Pgp^ denote the corresponding parabolic subgroups of G 
dehned over F. In this section and the next one, we let Np. denote the unipotent radical of 
Pi regarded as an algebraic group over F and we shall denote by Np.^ao the corresponding 
real subgroup of SL 2 (C). We embed G{F), P{F) as well as the elements gp^,..., gp^ 
diagonally into G{A). Then we have a canonical isomorphism 

h 

(5.1) Xa ; P{F)\G{A)/K{T)f = |J(r n iVp,,oo)\ SL 2 (C) 

i=l 

which is dehned as follows. By the strong approximation theorem one has G{A) = 
G{F) SL 2 (C)iL(r)j. This implies that each g G G(A) can be written as 

(5.2) g = bgp.g^kf, 

where b G P{F), gp^ G {gp^,..., gp,^} is uniquely determined and goo is unique up to 
T n Pi{F) = T n Np^^oo■ Let vr : G{A) P{F)\G{A)/K{r)f denote the projection. 

Then according to fl5.2p . for g G G(A) we set X^{7i{g)) := (T fl Np.^oo)goo, where (T fl 
00)1700 denotes the equivalence class of goo in (T fl iVp.^oo)\SL 2 (C). We let X^^p. : 
P{F)\G{A)/K{r)f ^ (T n iVp.^ 00 )\ SL 2 (C) be the maps induced by X^. The map Xa 
induces an isomorphism 

K{r) 

(5.3) (Xa)* : 0 (G°°(iVp,,oo\ SL 2 (C)) 0 (Up © ap)* 0 V{m))''^ 

i=l 

^ {G°^{P{F)N{A)\G{A)/K{T)f) 0 (up © ap)* 0 =: W. 

Here Koo acts on the G°°-spaces by right translation and on (op © rip)* 0 V(m) by 
Ad* 0 p(m). We shall denote this representation also by z/i(p(m)). We regard the real 
subgroups Mp and Ap of SL 2 (C) from fl3.1l) or more generally the real subgroups Mp. 
and Ap. for a parabolic Pi introduced above as subgroups of G(A). For a G Mp with 
[z/i(p(m)) : cr] 7 ^ 0 and A G C we let Wp^{a, A) be dehned by: 

(5.4) 

W(o^(©-^) = {/ e IF : \/g e G(A),a e Ap, m e Mp, f{amg) = ^x+i{a)a~^{m)f{g)} . 
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Let ■= gp^KooQPi- Then Kp^^^o acts on (np©ap)*0l^(m) by conjugating with gp^. We 

let £pi{<J, A, i^i{pm)) be the space of all / G {C°°{Np.^ao\ SL 2 (C)) (8)(np©ap)*®tA 
which additionally satisfy 

f{apmp^g) = ^p^^xpl{ap^)ap^{mp^)f{g) Mg G SL 2 (C), Vop. G Ap., Mmp^ G Mp^. 

Here ^Pi,A +2 and ap^ are the characters which arise from and a by conjugating with gp.. 
If 12 is a hnite-dimensional representation of iL on a complex vector space V, we let 
denote the appisotypical component of for the restriction of the representation u to Mp.. 
Then we have the following Lemma. 

Lemma 5.1. For f G Wp^{a, A) define Pa,\{f) e 0^? {{ap © tip)* (giV{m)y^^ by 

K(r) K(r) 

PaM) ■= /(i) = 

i=l i=\ 

Then pa,x defines an isomorphism 

K(r) 

Ta,x ■ bLpm(© -^) — ^ ((cip © ^p)* © V{m)) 

i=l 

Proof. It is easy to see that each function (l^pj* f belongs to £p.{a, X, iyi{pra)) and is 
therefore determined by its value at 1, which moreover belongs to ((op © rip)* © V . 
On the other hand, for <I)p. G ((ap © np)* © V{m)y^' we dehne "hpip G Spficr, A, Z2i(pm)) 
by 

(5.5) <I'p,.A(npmp./c) := ^p.;A+i(apJz/i(p^)(/c"^)<I>P,. 

Let /i((T, A)“^(<I)pJ := X^($p.^a)- Then it immediately follows from the definitions that 
p{a, A) and p{a, A)“^ are inverse to each other. □ 


We shall from now on identify T(A) with the ring of ideles A* by sending x G A* to the 
diagonal matrix diag(x,x“^). Let U(T)f := T(A) r\K(T)f. Let a = cr^, k E Z and let 
A G C. Then we combine a~^ and A to a character Xoo,a,x of MA = Too — C* by putting 

(5.6) 



We let \, K{T)f) denote the set of all Hecke characters y : F*\A* —)■ C which are 
trivial on U(T)f and which satisfy Xoo = Xoo,a,x- If Ha denotes the norm on the adeles, 
then each y G 'H(cr, A, A'(r) j) can be uniquely written as 


(5.7) 


X = 


|2(A+1) 


Xl, 


where xi is unitary. For y G A, iX(r)/) with y as in (15.711 we define 


wox = X ^ = Ma xi e 77(wo© -A, A:(r)/). 
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Since T(A) normalizes N{A) the gronp T(A) acts on Wp^{a,X) by left translations and 
thns we obtain a decomposition of Wp^{a, A) into x-isotypical snbspaces: 


(5.8) 




Let G T{Af) denote fixed representatives of T{F)\T{Af)/U(T)f. Then for 

/ e its projection onto lTp^(cr, A)^ is given by 


«(r) 


(5.9) 


fxia) = 


Now we nse the the notations of the previous sections for the various cohomology groups. 
We can canonically identify the Lie algebra Up. of iVp. oo with xxp. Then we have canonical 
embeddings 


K(r) K(r) K(r) K(r) 

^^'H^{np-,V{m))p ^ ^^(ap0np)*®t^(m); ^^'H^{np-,V{m))- ^ ^^(ap0np)*®tA( 


m) 


i=l 


2=1 


2=1 


2=1 


Moreover, an easy computation shows that in the present case these embeddings in fact 
give isomorphisms 


V <^m+2 


K(r) ^ «:(r) 

^^^(np; V (m))+ = ((op 0 np)* 0 V (m)) 

2=1 2=1 

K(r) _ .c(r) 

0'H^(np; l/(m))_ = 0 ((ap0np)* . 

2=1 2=1 

Thus together with Lemma 15.![ we obtain isomorphisms 

«(r) _ _ 

(5.10) /i+(m) : WpJam+2,-m/2) ^ ^'H\np;V{m))p = H\dX;V{m)). 


and 

(5.11) 


2=1 


Kir) 


/i_(m) : Wp^{a.m-2,ml2) = ^ H\np-,V{m)). ^ H\dX-,V{m))_. 


2=1 


We shall denote the operator from Wp^{a-m-2,m/‘2‘) to Wp^{am+ 2 ^ —tti/2.) induced by 
C{a-m- 2 , m/2) and the isomorphisms /i±(m) by C(cT_m- 2 , m/2) too. Then it is well-known 
that for / e Wp^{a_rn-2^m/2) and g G G(A) one has 


C{a-m-2,m/2)f{g) = f{wong)dn, wq = 


'N(A) 


0 -1 

1 0 
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With respect to the decompositions of 'p^/ 2) resp. hhp^((7^+2 5 —'pj/ 2) into 

Hecke-isotypical subspaces given in flS.Sp . the operator C((T_m- 2 ,m/ 2 ) splits as 

0cT_m_2,m/2) = 0 C'(x), 

X&'H{(7-m-2,m/2,K{r) f) 


where C{x) ■ Wp^{a-rn-2,m/2)^ Wp^{am+2,-m/ 2 )yj^^. Let / e W{a-m-2,m/2)^. For 

our later purposes we can assume that f = foo® (Siinfinite /’'• Then one has 

C{x)f = Joo{(T-m-2,m/2)f^® 0 Cy{Xv)fv 

V finite 


where the operators Cy{xv) are dehned by 


(5.12) Cy{xv)fv = J fv(^Wo(^ 

The integral above can be computed explicitly, resulting in the next lemma. Let us set 
notation for it. Let Xi be as in fl5.7p . For v a hnite place of F we let Xi,v be the local 
component of Xi at v. Then we say that Xi is unramihed at v if ker(xi„) ^ 1 + Oy. 
Otherwise we say that xi is ramihed at v. If xi is unramihed at v, then Xi,v{'^v) does not 
depend on the choice of vr^ (this happens in particular if = 0). For v a hnite place, xi 
unramihed at v and s G C the local L-factor Ly{xi,v, s) is dehned by 


(5.13) 


Tii(xi,ii) ■ 


1 

1 ~Xl,v{,'^v)\'^v 


Then the following Lemma holds. 


Lemma 5.2. Let f G IFp^((T_m- 2 ,’^/2) and v be a finite place of F. Then: 
(i) If Uy = 0, one has 

Ly{xi,v,rn) 


Cy{xv)fviU) = 


-/.(Id). 


Lv{xi,v,m- 1 )' 

(ii) If Uy > 0 and x is ramified at v, then for ky G Kmax,v one has 

^vfiXv) fvifiv) Ivifiv) fvifivfi 

where Iy{ky) G \'Ky\~‘^^'^^X. 

(hi) If Uy > 0 and x is unramified at v, then for ky G Kmax,v one has 

cJxv)UK) = jLLiixillL^ijkpfjkp, 

Ly{Xi,v,m- 1) 

where Iy{ky) G 

Proof. We prove (i) hrst. For x G F),, |a:|,, > 1 we have the Iwasawa decomposition 


Wo 


1 X 
0 1 


X 


-1 


1 0 


0 X ) \x ^ 1) ' 
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On the other hand for g = nak we have fv{g) = C({ayxi,v{.o,)f{ld). Hence we get 


Iv = 


\X 








Av XiA^) dx+ / ldx]fAld) 


0 -1 

* 1 a: 


dx 


\A;>1 


> 0 . 

\k „—2sk 


9 + 1 /.(W) 


. 11 + (xi.(^.) 9 ^-);ti- 9 -‘) ^■ /.(Id). 


l-Xi,vAv)q 


l-XiA'^v)q 


Now let us prove (ii). It obviously suffices to deal with = Id. Recall from the preceding 
proof that : 


(5.14) 


L = 


'|3;|d>i 


t| '^"xiAAfv { ^Adx+ I /, 


X 


'0„ 


0 -1 

* 1 a: 


dx. 


The second term is a linear combination of integers (values of f^) with coefficients in Z[g "■] 
(the measure of a coset on which is constant is equal to q~A and hence lies in g“" Z. It 
remains to deal with the second term. Since Xi is ramified at v we have for any A; G Z the 
equality 


'\x\v=q’^ 


XiAAdx = 0. 


It follows that : 

I-2s 


|a:P>l 


a(| ’'AiAAfv ( ^-1 J ) da; = 


'l<\x\v<q” 


kl "^AiAAfv ( 


X 


\a\l" ^XiAAfv f ^ ? I lai 


aGvOp 1'^^ 


a 1 


-1 


Xi,^(a;)da;. 


* lAa~^v'^Ov 


Now there are two possibilities for the integral on the second line: either xi,v is trivial on 
1 + a~^v"', in which case the integral equals or the integral vanishes. In either 

case it lies in g“"Z, hence the sum lies in 

The proof of (iii) is just a combination of those of (i) and (ii). The decomposition fl5.14p 
is still valid, and the estimate for the denominator of the first factor done there is still 
valid. For the first one we have : 



X 


V Al,^ 


A)f 



E /. 

aeOpIv” 



' a+v^Ov 


Al ‘^AiAAdx 



Xi,i;(a)|a|^^ ^ + /i;(Id) 



AvXiAAdx 
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(since Xi is not ramified at v it is constant on every coset a + n”(9„). The terms with a 7 ^ 0 
belong to Z, and the same computation as in the proof of (i) yields that the last 

term lies in ^ 

^ L„(xi,2s-1) 


Finally, the term Joo(<J'-m- 2 ,nr/2)(/oo), which is always a ratio of F-functions, can be 
described explicitly in the present case. There is $ G ((np © ap)* © V{p{m))y such that 
/oo = $ m/ 2 - Moreover, there is an Moo-equivariant isomorphism 

Mpm){wo) : ((np © ap)* © V{p{m))y = ((up © ap)* © V{p{m))y°'' . 

The representation i^i(pm) of K is not irreducible. However, if i'm +2 denotes the represen¬ 
tation of K of highest weight m + 2 in the canonical parametrization, then Vm +2 occurs 
with multiplicity one in i^i(pm) and belong to the z/m+ 2 -isotypical subspace. Thus we have 


(5.15) 

J DO ((T_m_ 2 ,m/ 2 )(<F^/ 2 ) = c i'm+2 {^-m-2 : m/2) • {vi{pm){wo)^) _^i 2 , 


where Cy^j^ya-m -2 : m/2) G C is the value of generalized Harish-Chandra c-function. In 
the present case, the latter is known explitly. Namely, by [Coh741 Appendix 2], taking the 
different parametrizations into account, one has 


(5.16) 


Cu^+ 2 {(^-m -2 ■ m/2) 


1 1 
TT im + m + 2 


6. Estimation of the denominator of the C-matrix 

We keep the notation of the preceding section. Our goal here is to prove the following 
estimate for the denominator of the intertwining matrices. 

Proposition 6.1. Let T be a (principal) congruence subgroup o/Fp. Then there exists a 
constant C'o(F) such that one can estimate 

log |dpjs,c(r,Pm)| < Oo(F)mlog(m) 

for all m G N. 

Using the maps p±{m) from 05.1 Ul) and 05.111) we obtain distinguished integral lattices 
py{m){H^{dX;A{m))y in the space Wp^{am+ 2 , —m/2) and pZ^{m){H^{dX; A{m))_) in 
Wp^{a-m-2,m/2). More generally, if i? C C is a ring with Z G R we will say that / G 
Wpm{<^m+ 2 , —m/2) is defined over R if it is in the image of p+^(m)(i7^((?X; A(m))+ ©^ R) 
and we make the corresponding dehnition for Wp^{a-m-2im/2). The decomposition of 
Wp^{a-m-2im/2) with respect to Hecke characters given in 05.8|) does not respect the Z- 
structure on this space just introduced. In other words, if / G Wp^{a_m- 2 i m/2) is defined 
over Z and if we decompose 

(6-1) /= E G 

X&'H{a--m-2 ,m/2,K(T) f) 

then we cannot expect the to be defined over Z. However, we have the following 
Proposition which controls this defect. 
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Proposition 6.2. There exists an algebraic integer a G Z which depends on the group T 
but not on the representation p{m) such that if f E Wp^{a-m- 2 ,m/ 2 ) is defined over Z 
then a^fx is defined over Z for each in the decomposition (16.Ih . 

Proof. The character Xoo,cr_^_ 2 ,m /2 is the character 

(6.2) x=o,„+2 : r(C) ^ C, x=o,™+2 ((p := 2 ”*+" 

on r(C). Let A(m))_ denote the integral lattice in corresponding to Lr^(c?X; A(m))_. 

Without loss of generality, we may assume that / = /il^(<h), where <h G iL^(np; A(m))_. 
We £x X G 'H(cr_m- 2 , ir/ 2, iL(r)/). We have 

k{T) 

/i- {{fiZ\^))x) = 

i=l 

On the other hand, by (15.91) . for each i we have 

. «(r) 

(6.3) (fC‘(4))x(s«) = ;^Ex(Vj(f‘:'(4‘))(«;;‘sP.) 

^ j=l 

For each i,j there exists a unique I = l{i,j) G {1,..., h} and a goo{,i,j) E SL 2 (C) such that 

(6.4) tffgp, = hgp,g^{i,j)k, 

where b E P{F), k E Kf(T). We fix goo{i,j) satisfying (16.dh . If gp^ ^ gp^ = 1, then, by 
definition one has (fiZ^{^)){t]figpfi = 0. One the other hand, if gpf = 1, then by definition 
one has 

(6.5) {pZ\^)){tffgpfi = ^m/2{9oo{i,j)), 

where ^rn /2 = ^p,m /2 E £p{a-rn- 2 ,m/ 2 , ufipm)) is as in ([5(5]). Let 5foo(A j) = Poo{i, j)koo{i, j), 
where Poo{i,j) E Poo, k^{i,j) E K^. Then: 

4>m/2(5'oo(L j)) = 0(Pm)(fcoo(L j))"^)4’m/2(Poo(L j)). 

One has $m/ 2 (Poo(A j)) ^ (cip ® '^p)* ® ^ and iyiipm)ikooih j))~^^miPooiiJ)) e 

(op © Up)* © V. It is easy to see that this implies koo{i,j) E M^o, i.e. g^o E Poo- 
Moreover, together with fl6.4p it follow that Poo G P{F). Thus one can write 

^oo(A j) = t{9oo{ij))n{goo{ij)), 

t{9oo{i,j)) E T(P), n{goo{i,k)) E N{F). We write t{goo{i,j)) = dicig(tij,t~j) with Uj E 
F*. Then by fl6.2p and by the dehnition of <Fm /2 we have *hm/ 2 ( 5 'oo(A j)) = Thus if 

ttij E 0*p is the denominator of tjj, i.e. ciijtij E Ofi, it follows that 

(6.6) Q(™+2$^/2(5'oo(Aj)) e P^(np, A(m))_ ©z Op. 

Next, each Hecke character y : F*\A* —)■ C which is trivial on P(r) and which satishes 
Xoo = Xm+ 2 ,oo is of the form where x • F*\A* —)■ C is a character which is trivial on 
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f/(r) and satisfies Xoo{dia.g{z, z ^)) = 2 ; for ^ G C*. The set of such characters x is finite. 
Thus it follow that there exists a /? G Z such that: 

(6.7) r^\{tp^)ez 

for all j = 1,..., A(r) and all x ^ 77(cr_m- 2 ,'^/2, 77(r)y). Combining fl6.3p . fl6.5p . fl6.6p 
and fl6.7p we get the statement in the proposition. □ 

For a unitary Hecke character xi we consider the Hecke L-function 

Hxus) = JJl^(xi,t,s) 

V 

Recall the for a place v where x does not ramify we defined the local factor in fl5.13p : we 
take the convention that T^(xi, s) := 1 if Xi is ramified at v. The infinite product converges 
absolutely for Re(s) > 1 and admits a meromophic continuation to C. For a G Q we shall 
denote by or simply |a| its absolute norm given by 

I®Iq/q l-^l > 77 = 6 G Q, 

foGGal(Q/Q)-a 


where Gal(Q/Q) is the absolute Galois group of Q. The following proposition evalu¬ 
ates the denominator of the quotient of L-values appearing in the computation of the 
intertwining operators in Lemma 15.21 It is essentially contained in the work of Damerell 
|Dam70j ,[n am n]: our argument consist in keeping track of norm estimates along the steps 
in the proof of the main theorem of [Dam70j . 


Proposition 6.3. Let J he an ideal in Op. There is A ^ Z>o such that for all unitary Hecke 
characters X whose conductor divides 3 and whose infinite part Xoo{z) = {z/\z\Y = 
for an even integer n, and for any integer s G {0,..., n/2} there is an integer a' G Z such 
that |a'| < {n\)^ and we have : 


( 6 . 8 ) 


2n-2s+l^/ 


Ljx^s) 

L{x,s- 1 ) 


G vrZ. 


Proof. We first indicate how the arguments used in |Dam70j yield the following result, 
which is a more precise version of Theorem 1 in loc. cit. 


Lemma 6.4. There is an Q ^ (depending only on the field F) such that the following 
holds. Let n be an even integer, x ® unitary Hecke character of F with infinite part 
Xoo{z) = (T/z)”/^ and s an integer in the range {0, ... ,n/2}. Then 

(6.9) 

is an algebraic number, whose degree over Q is bounded by a constant depending only on 
F and the conductor f of x whose absolute norm is bounded by C'(n!)^ for positive 
integers C,A depending only on F. 
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Proof. In the proof of this lemma all our numbered references are to DamerelVs paper 
[Dam70] . Damerell’s statement includes only the algebraicity, but his arguments give the 
full statement above as we shall now explain. Formula (6.2) yields the following expression 
for the normalized L-value occuring above : 

h 

(t) = XfiWFnWa.s.mi) 

*=i /3e2li/®i 

where: 

• M is an algebraic number depending on f and F ; 

• 2li,..., 2t/i are integral ideals representing the elements in the class-group of F ; 

• ; 

• -0 is a number depending on F and p = n/2 — s] 

• Fn is a. particular function which we will analyze below; 

• n G is a particular number depending only on F. 

The next step is Lemma 5.2, which yields an expression of F0(-, •, A) in terms of arithmetic 
invariants of the elliptic curve C/A. More precisely, let p be the Weierstrass function 
associated to this elliptic curve, and let s > 1. Then we have : 

(») rFn(z,s,K)= Y. 

t-\-u+v=p 

where : 

• h[z) is a rational fraction (with coefficients in Q) in p{kz),p'{kz),p''{kz) where 

A; = — 2, with i the exponent of the finite abelian group 21*/QS* (see Lemma 

4.3) ; 

• Kj is a polynomial (with coefficients in Q) in h, p{z), p'{z),g 2 {A) and 5 ' 3 (A) and ip 
(Corollary 4.1) ; 

• (^ is a constant depending on the curve C/A. 

The key fact is then that all points at which the various p occuring in ([f]) are estimated 
are of bounded finite order on the elliptic curves: this yields algebraic equations for the 
relevant values of p and its derivative whose degree is bounded (depending on F and f). 
The values of g 2 and gs are algebraic of degree depending on the elliptic curve (this is where 
the choice of x enters, see the remark after Lemma 2.1). It then follows that the values of 
p" are algebraic of bounded degree, as we can see by differentiating in 2 ; the equation 

{dp/dzf = Ap^ - g 2 p - gs 

satisfied by p, which yields 

(b) d^p/dz^ = Qp^ - 5 ( 2/2 

(cf. (3.10),(3.11)). All of this proves that the factors h{z) and K^_u in (jli) are algebraic 
of bounded (depending on F, f) degree. It remains to deal with p. Choosing a r G Op, 
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equation (6.1) yields the expression 

ip = (rr — 




P{P/^) 


which is algebraic of bounded degree. This finishes the proof that all factors of the sum¬ 
mands in ([*]) are algebraic of bounded degree. To finish the proof that the normalized 
L-value itself is so we need only note that since the character Xf is of bounded finite order 
(depending on f), its values in ([f]) are roots of unity of bounded degree. Thus all terms in 
ffl are algebraic integers of bounded degree. 

Now we must bound the absolute norm of the right-hand side in ([f]). It is obvious from 
([t]),© and the proof that the degree is bounded that it suffices to prove that the valuation 
of Kl, for 2<i-|-2<j<nis bounded by C{n\)^ for some constant C. To do this we 
must return to the arguments of Damerell; in the proof of Lemma 3.3 he shows that for 
j > 2 one has 




dz^ 


i-2 


From this an easy recursive argument using the identity ([Q allows to prove that for j >2 
is a polynomial in p(z), p\z)/2 and (72/I2 of degree less than 2j in each variable, 
with coefficients in Z that are -C {2j)\ ■ for some integer N G Z>o ; we will denote this 
polynomial by G Z[Xi,... 5X4] (the last variable represents 
Damerell proves that for 0 < i < j there is a polynomial Pj G Z[Xi,... jXy such that 
Kj{z) = Pj{p{z), p'{z)/2, g2/12, g^/A). For this he uses the recurrence relation (3.12), 
which is : 


^j+V 


z) = i- 


V'{z) 


-Kp( 

J 


J 


12 


-DKliz) 


where D is a differential operator (in both second variables of p). It is given explicitely for 
p, p',g 2 and g^ in the equalities (3.7), which we rewrite here : 


Dg2 = -Ggs, 
Dp = -2p^ - 


(p 
3 ’ 


Dgz = --^ 2 ) 

Dp) = -3p ■ p'. 


Together with ([§]) these hnally yield that the degree of P* in each variable is less than 
2{i + j) and the coefficients are majorized by 2{i -|-j)!iVh+T for some N G Z>o- It follows 
that for the values of z occuring in ([f]) we have \K^_^{z) \ <C n\N^ at each place, hence the 
absolute norm is bounded by This hnishes the proof of our statement. □ 

Bounds for the denominators of special values of L-functions are also given by the work 
of Damerell. We will use the following statement to evaluate denominators of the L-part 
of the intertwining integrals: let n be an even integer, y be a unitary Hecke character of 
P, with infinite part 

Xoo(^) = {d/ayD 
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and finite part X/ of condnctor 3. Then [DamTlt Theorem 2] states that for the complex 
nnmber G appearing in Lemma 16.41 there is an algebraic integer a G Z, whose 
absolnte norm |a| = IoIq^q is bonnded independently of s,Xoo, snch that for all integers 
s G {0,..., n/2} we have 

(6.10) ■ L{x, s) G 

The proposition follows from this and the bonnd for the abolnte norm of normalized L- 
valnes given in Lemma 16.41 (the transcendental factors cancel between the nnmerator and 
denominator). □ 


We can hnally pnt everything together to estimate the denominators of the C-matrix. 


Proof of Proposition \6. 1[ Let X± be the integral vectors in up of weight ±2 for SU 2 and v± 
the vectors of weight ±m for SU 2 in V{m). Then a cohomology class u:± in PL^{x\.p] V{m))± 
is integral if and only if u E Z where c± is the 1-cycle on Tp^\]H[^ with coefficients in 

V{m) associated to X± and v±. Moreover we have 


f u± = fi±{m) ^(a;)(Id), f C(a;±) = C (/i=F(m) ^(cj)) (Id). 

' C± c± 


Likewise a cohomology class uj± G Pi^{x\.pr,V{m))± with coefficients in V{m) is integral 
if and only if the valne of a fnnction / = at gp. is integral (np to an at most 

exponential factor in m coming from the non-integrality of the cycle associated to ad{gp.) ■ 
X± and Pm{gPi) ■ T±), and we have the same eqnivariance property viz. the operators C 
and C. 

The fnnctions p±{m)~^{uj){gp.) on G{A) are iL^-invariant where K'j- is the compact-open 
snbgronp f]’^^^gp^Kf{T)gf,^ of G(A). So the statement in the proposition rednces to the 
following claim: let K'j be a compact-open snbgronp in G(Aj) and / G Wp^{am+ 2 , —m/2) 
corresponding to a rational integral cohomology class (the latter being dehned as above, 
with Kf{r) replaced by K/). Then we claim that there are N,C,Ae Z>o depending only 
on K'jr snch that we have 

C(s(m))/(Id) G C'-^A^-”^(m!)^Z/(Id). 


To prove we note that it snffices to prove a similar resnlt over Z, namely that for all / as 
above corresponding to a cohomology class with coefficients in A(m) (g) Z we have 

(6.11) C(s(m))/(Id) G a-^Zf{ld) 

for an algebraic integer a with < C{m\)^ (indeed, since we know a priori that if the 

right-hand side is dehned over Q the proposition follows by thaking the prodnct of Galois 
conjngates of each side). 

Let us prove (I6.1ip . First, it follows from Proposition 16.21 that it suffices to prove it for 
/ G W^. By Lemma WP2\ and (Ib.lbh . (I5.16p we get that it suffices to prove that 

_ L{x,m) 

TT L(x,m-1) 


G h-^Z 
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for an a E Z with absolute norm |6| < This last statement follows from Proposition 

lOl □ 


7. Bounding the torsion from below 

In this section we prove the estimate (ll.2|l (and also (I1.4I1 . which we actually need to 
prove the former) from our main Theorem |Al 

7.1. Torsion in II* (F, A(m)). We first show directly that the order of the group II^(r; A(m))tors 
grows slower in m than our leading term. Since we work with a split algebraic group the 
proof of this is simpler than that of the corresponding statement in [MM13] . 

Lemma 7.1. Let F be a congruence subgroup ofF^- Then 

\og\H^(F;A{m))tors\ = 0{m log m), 

as m ^ oo. 


Proof. One has H^{F ; A{m))tors — Hq{F] A{m))tors by the universal coefficient theorem. Let 
A°(m) denote the submodule of A(m) generated by all {pmin) — Id)u, where v E A{m) and 

1 a 
0 1 


7 G T. Then i7o(A(m)) = A(m)/A°(m). There exists an a G N such that for : = 

A 0 


and n„ := 


one has Ua, Ua E T. If we let X, Y denote the standard basis of then 


X™', X™ W, ..., y™ is a basis of A(m) and in this basis, Pmipa) — Id is represented by an 
upper triangular nilpotent matrix. For j > i, the entry in the z-th row, j-th column of this 

' ■ f i — 

matrix is given by ' 


. Thus it follows inductively that (I + l)aX™' G A°(m) 

for 0 < / < m. On the other hand, one has {pm{na) — Id)Xy™'“^ = aX™. Thus one has 
|i7o(A(u7.))| < i.e. log |i7o(A(m))| = O(mlogm) as m —)■ oo. For A(m) one can 

argue similarly. □ 


The main result we prove here is the exponential growth of the torsion subgroup of 
i7^(F, A(m)); in the remainder of this subsection we will show how all the work done in 
sections 4-6 implies the following result. 

Proposition 7.2. IFe have 

(7 1 ) liminf (i 

nn-+oo rn? ~ TT \ N(a) J 

Proof. We hrst remark that it follows easily from the interpretation of H^{dX-, A{m))± in 
terms of closed -valued holomorphic respectively antiholomorphic forms on the bound¬ 
ary dX that 

(7.2) [H^{dX] A{m)) free ■ F7^(9X; A(m))_ © iF^(cIX; A(m))+] = 0{m logm), 

as m ^ oo. 
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Let A and Ci(r) be as in the end of section [3l Let a be a non-zero ideal of Od with 
iV(a) > Ci(r) and let Oq G ^ snch that ni^r(a) = ’^z,r(ao) dj7. For brevity 

we shall use the following notation in the remaining computations: 

R\X,£(m)) = volsHr,p^) (ll^r, A(m))) . 

With this notation fl4.4l) becomes 


(7.3) 


log TEis (X; Ep^)= log R^{Xa, C{m)) + log \H^{T(a), A (m))*«„| 

- logi?'(X„,£(m)) - log \H^{T{a),A{m))tors\. 


By Lemmas 14.21 and 17.11 we have that 


(7.4) 


I log (|/ 7 '(r(Q), A(m))iors|)|, I log/7^(A"a,£(m))| <£ mlog(m). 


On the other hand, by Lemma 14.11 together with Proposition 16.11 and fl7.2l) we have that 
lim inf ^ log |77"(r(a), A(m))to,,| 


m^+oo 


m^+oo 

From (17.41) we get that in the expression (17.31) for the Reidemeister torsion TEis{Xa; Ep^) 
all terms but for log |i7^| and logi?^ are 0(mlog(m)) and using the preceding inequality 
we get that 

( 7 . 5 ) n^:.r |^^log |L72(r(a), A(m))to,,| ^ f log teUX,; E-pJ' 


lim inf ( 2- 

m^+cxD 




> lim inf 

m^+co 




On the other hand, we also get from (17.21) and Lemma 14.11 that 

logR^(Xo,,£(m))' 


lim inf 

m^+co 




< 0 


from which and fl7.4l) (used for Oq instead of a) it follows that 


lim inf 

m^+oo 




< 0 . 


Putting together (17.bh and (17.61) we get that 

[P,,:P(ao)] log|i72(r(a),A(m))to„| 


lim inf | 2 

m^+co 


\o 


D\-N{ao) m? 


> 


lim inf 

m^+oo 


-[Td : P(oo)] l og TEisjXa; EpJ ^ [Pd : P(a)] log TEisiXa^] EpJ 


m-N{ao) 




\Ol\ . N{a) 




Finally, the right-hand side above converges to 


[Fq : r(oo)]. |rp: r(a)] / i 
lojik W(»o) 


voKr^tf) 

jrp:r(ao)] vol(.Y„) / 

|OB|iV(o„) ^ t iV(a)t 
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by Proposition 13.21 (which we are allowed to use for the representation pm © Pm instead 
of Pm since the analytic or Reidemeister torsion of the former is the square of that of the 
latter). This finishes the proof of Proposition 17.21 □ 

7.2. Independance from the lattice. Here we prove that log |if^(P, does not 

depend on the choice of lattices C V{m) up to an error term of size mlog(m). 


Proposition 7.3. Let T be a finite-index subgroup of the Bianchi group P^i. There is a 
constant C depending only on P such that for any m > 1 and any two P -invariant lattices 
Ai,A 2 in V{m) we have 


log 




< Cm\og{m). 


We will deduce the proposition from the two next lemmas. 


Lemma 7.4. Let T be a subgroup of a Bianchi group, p be a representation o/SL 2 (C) on 
a vector space V and A, A' two p{T)-invariant lattices in V such that M ■ A G A' G A for 
some integer M G Z>o. Let C,C' be the local systems on X = P\]HI^ induced by A, A' and 
Ep the Euclidean bundle on X induced by p. Then we have 

R\X, C) 

- R\X,C) - 

Proof. Let h = dim.H^{X,Ep) and let ci,...,c/i G Z^{X,C) such that the cohomology 
classes [ci],..., [c/i] generate the free part of H^{X,C). Then each M ■ Ci belongs to 
Z^{X,C') and together the M ■ [q] generate a hnite-index subgroup of H^{X,C'). Thus 
we get 

M-H\X,C) G H\X,C’) 

and the inequality 

R\X, C) < [H^{X, C):M- H\X, C)]R\X, C) = M'^R\X, C) 
follows immediately. □ 


Lemma 7.5. There is a constant c G Z>o depending on P such that if Ai,A 2 are two 
P -invariant lattices in V(m) then there exists a G Q such that 

aAi C A2 C a{m\)~^Ai. 

Proof. Let (•, •) be the pairing on V{m) = Symm^C^ induced by the determinant on 
X (which is hence nondegenerate and P-invariant) and let A'^ be the (•, •)-dual lattice 
of Ai in V{m), that is 

A'^ = {n G V{m) : \/u G Ai, {u,v) G Z}. 

Then 

(7.7) m!A'^ C Ai c (m!)"^A'^ 

as follows from the expression of (,) in coordinates (see for example [BerOSl 2.4]). Now 
let M be a primitive vector in A 2 which is a vector of maximal weight for the standard 
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parabolic subgroup of SL 2 (C) in V{m) (i.e. a rational multiple of X"*); there exists an 
a G Q such that au is a primitive vector in A'^. Then A 3 := (T • au ) C A^ indeed, for any 
n G Ai and 7 G T we have 

{ v , 7 • au ) = (7“^ • V , au ) G Z. 

From this and fl7.7p we get that A 3 C (m!)“^Ai. By arguments similar to those used in 
the proof of Lemma 17.11 (which we will detail after we explain how to conclude the proof 
from there) , we also have that 

(7.8) aAs C N-^{m\)-^A3 

for some X G Z>o depending on F. It hnally follows that 

aA 2 C 

which proves half the lemma ; the second half also follows by a completely symmetric 
argument. 

Let us explain how fl7.8p is proved. For ease of notation we will suppose that au = X™. 
We put Aq = A(m) = © OdX'^~^Y © ... © OdY'^- Let z E such that G F 

and fc G {1,..., m\ ; suppose that })X^~^Y^ G A 2 for some b E F. Then we get that 

A 2 3 bX^-^Y'^ = bklz^X^ 

so that bk\z^ G 0^. Thus we get that A 2 C (^”^m!)“^Ao. On the other hand the proof of 
Lemma ITT] yields that [Aq : A 3 ] < z^ml, hence A 2 C {z'^m\)~‘^A^. □ 


Proof of Proposition Let £* be the local system on X induced by the lattice Aj. We 
have by fl7.3l) that 


R^{X,Lf)-\E\V,A^)t^,\ _ P?{X,C.^)-\E\V,A^)t,,,\ 

R\X,L^) ■ \E^iT,A,)tors\ R\X,C2) ■ |iL2(F,A2)to..r 

By Lemmas 14.21 and 17. II we have that E^, R? are <C mlog(m) for whichever lattice, and by 
Lemmas 17.41 and 17.51 we get that 


log 


(RHX^\ 

\R\X,C2)) 


<C m log(m) 


and we can thus conclude that the remaining terms log(iL^(F, Aj)) in the Reidemeister 
torsion differ by at most Omlog(m) for some O > 0 depending on F. □ 


7.3. Conclusion. Let A'(m) be the lattice A(m)©A(m) in V{m)(BV{m). By Propositions 
17.31 and fT^ we get that 

\og\E^(T {a), A’{m))tors\ ^ vol(Xa) / _ X(ao) \ 

rrP ~ 71 \ N{a) J ' 

Since iL^(F(a), A'(m)) = iL^(F(a), A(m))^ we get fll.2p . The estimate fll.4p is proven 
exactly as in Lemma 17.11 






























32 


JONATHAN PFAFF AND JEAN RAIMBAULT 


8. Bounding the torsion from above 

In this section we proof equation (II.Sh from Theorem El : we give the proof for A(m)- 
coefficients, the case of A(m) follows immediately by Proposition 17.31 The main ingredient 
is the following lemma, usually attributed to O. Gabber and C. Soule (we note that it is 
also an important tool in V. Emery’s a priori bound for the torsion in the homology of 
certain arithmetic lattices, see |Emel4] h We refer the reader to |Saul41 Lemma 3.2] for a 
proof. 

Lemma 8.1. Let A := with standard basis o^nd let B := Z^. Equip B M 

with the Euclidan norm H-H. Let cj) : A ^ B be 'L-linear and assume that there exists a G M 
such that ||0(ej)|| < a for each i = 1,... ,a. Then one has 

\coker{(j))tors\ < 

Next, we have the following elementary Lemma. 

Lemma 8.2. Let {vj := e'^~^el: i = 0, denote the standard integral basis of 

the lattice A^ C V{m). Equip V{m) with the inner product such that the Vi form an 
orthonormal basis and let IMlEnd(v„) denote the corresponding norm on End(I4„). Then for 
each 7 G T D one has 

l|Pm(7) llEnd(V„) — IIPl(7)ll End(Vi) 

Proof. This follows immediately from the dehnitions. □ 

Now we can estimate the torsion from above as follows. 

Proposition 8.3. Let T be a finite index, torsion-free subgroup o/Te). Then there exists 
a consant cr such that one can estimate 

log\H‘^{T,A{m))tors\ < crni^ 

for each m G N. 

Proof. Let X := r\]HI^. Let /C be a smooth triangulation of X and let 1C denote its lift 
to a smooth triangulation of For each q let Cq{lC) := ... ,o'N{r,q),g} denote the 

simplicial g-chains of /C, where iV(r, q) E N depends on /C. Let Cq{lC) denote the simplicial 
g-chains of 1C and let dq : CqijC) —)■ Gq_i(AC) be the corresponding boundary operator. For 
each we £x a G 1C such that 7r*(a'j_g) = cxj^g, where vr : X —)■ X is the covering map. 
The group T acts on CqilC) and we denote the corresponding action simply by •. For each 
cTi^g there exist elements G T, A; = 1,... X(g — 1, T), such that 

N{q-1,T) 

dlq(Pi,q) 'y ^ 1k,q—l ' ^k,q—l- 

k=l 

Let CqilC] Km) '■= CqilC) ®i[T] Km- Then the homology groups H^{T]Km) are isomorphic 
to the homology groups H^{C^:{1C] Am)) of the complex 

{CAlC]Am),d,.pJ := (GA/C) ( 8 )z[r] A^,a* Old). 
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Let {vq, ... ,Vm} denote the standard integral basis of as in Lemma 18^ Then an 
integral basis of Cq{lC]Km) is given by 

BqifC] Km) := {Ki^q 0 Tj! * = 1 ,..., A^(r, g) I j = 0 ,..., m}. 

We equip Cq{lC]Km) K with the inner product for which Bq{}C;Am) is an orthonormal 
basis and denote the corresponding norm by IMIc,(A:'y(m))- Then we have 


7V(g-l,r) 

® '^i) ~ ^ ^ ^k,q-l ® {Pm{'Jk,q-l)'^j) 

k=l 

and thus by the definition of the norms we have 

\\dq;pja,,q ® < N(q - 1, L) l|d-(7M-l) |lEnd(K„) 


(8.1) =N{q-l,T) 


max 


\pihkLi) 


lEnd(yi) 


where the last step follows from Lemma 18.21 We put 


Co(r):=max max Pi(7fc,g-i) 


End(yi) 


Then co(r) depends on T and the triangulation /C, but not on the local system Am- If 
we apply Lemma ISTl with A := Cq{}C;Am), B := Cg_i(/C;Am), 0 := dq-,p^ and a := 
A^(r, q — l)co(r)™', then, using that rk^ A = {m + l)N{q, T), rk^ B = {m + l)N{q — 1, T) 
we obtain from fl8.1l) that 


\{coker{a„J\^,\ < (N{T,q-l)c„{rn 


mpm+l) min{A''((j,r)W(iJ-lir)} 


For Am one argues in the same way. Thus the proposition follows by applying the universal 
coefficient theorem. □ 


Remark 1. Using the iFAiF-decomposition, it should be possible to generalize Lemma [8.21 
and thus the proof of Proposition 18.31 to arithmetic subgroups T of arbitrary connected 
semisimple Liegroups G defined over Q which satisfy 5{G) = 1. For suitable rays p\{m) 
of Q-rational representations of G of highest weight m\ with F-invariant integral lattices 
A{p\{m)).i this should give an upper bound of the corresponding sizes of all twisted coho- 
mological torsion subgroups A{px{m))) by G{V)m dim p\{m). Such a bound can be 

regarded as complementary to the lower bound obtained in the compact case in |MP14b] . 

Let ao G Al be as in the previous section. If we apply Proposition 18.31 for the group F(ao) 
instead of the group P(a) and also use Proposition 13.21 we can improve the constant in 
the upper bound of the size of log \H‘^(T{a),A{m))tors\ and thus prove fll.3p . Namely, 
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arguing similar as in the proof of fll.2p given in the previous section, we obtain 
lim ^u]^ m-^ l-^L.(r(a), A(m)) | - 

< lim sup m 

m—^oo 

[rzj : r(ao)] 


_2 , [r,,: r(ao)] ^ : r(a)] 


i^{Oh)N{ao) 

Invoking Proposition 13.21 equation 


HO*n)N{a) 


follows. 
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